Introduction
Weil sums are exponential sums whose summation runs over the evaluation mapping of a particular function. Explicitly they have the form
where F q denotes the finite field of q elements (q = p e for p a prime) and f ∈ F q [X] . In a recent article [2] the author gave explicit evaluations of all Weil sums with f (X) = aX p α +1 and p odd. These were obtained mostly through generalising methods used by Carlitz in [1] who obtained explicit evaluations of Weil sums with f (X) = aX p+1 + bX, p odd. In this article we complete the work begun in [2] . By generalising some of the methods employed by Carlitz in [1] we obtain explicit evaluations of the exponential sums x∈Fq χ(ax p α +1 + bx)
with b = 0. Clearly the case b = 0 was dealt with in [2] . Further, we highlight our motivation for studying these Weil sums and obtain an alternative, but much longer, proof of when the polynomial X p α +1 is planar, see [4, Theorem 3.3] . We conclude by extending our results to include the explicit evaluations of all Weil sums with f (X) = aX p α +1 + L(X) where L ∈ F q [X] is a linearised polynomial. Theorem 5.1 states the results of this paper in their broadest context. Throughout this article F q will denote the finite field of q elements with q = p e odd, α will denote a natural number and d = gcd(α, e). Henceforth, we will use (α, e) as shorthand for gcd(α, e). We denote the non-zero elements of F q by F * q . We shall denote by T r the absolute trace function and use T r t to denote the trace function T r Fq/F p t where t divides e. The canonical additive character of F q , denoted χ 1 , is given by
for all x ∈ F q . Note that χ 1 (x p ) = χ 1 (x) and χ 1 (−x) = χ 1 (x) for all x ∈ F q . Any additive character χ a of F q can be obtained from χ 1 by χ a (x) = χ 1 (ax) for all x ∈ F q . Due to this fact we only explicitly evaluate the Weil sums with χ = χ 1 as it is possible to evaluate the Weil sums for any non-trivial additive character simply by manipulating the results obtained, see Theorem 5.1. We denote by S α (a, b) the Weil sum given by
If we now let g be a fixed primitive element of F q then we can, for each j = 0, . . . , q − 2, define a multiplicative character λ j of F q by
for k = 0, . . . , q − 2. We shall use η to denote the quadratic character of F q , that is η = λ (q−1)/2 . As with the results obtained in [2] the results of the current paper split into two distinct cases. In this article the different scenarios that arise depend on whether the polynomial a p α X p 2α + aX is a permutation polynomial or not. A polynomial f ∈ F q [X] is called a permutation polynomial if it induces a permutation of F q . Our two main results concerning the evaluation of S α (a, b) are given in the following two theorems. Theorem 1. Let q be odd and suppose f (X) = a p α X p 2α + aX is a permutation polynomial over F q . Let x 0 be the unique solution of the equation
Theorem 2. Let q = p e be odd and suppose
If this equation is solvable, with some solution x 0 say, then
).
Excluding the last section, the remainder of this paper will be devoted to proving the above two theorems. In the last section we extend the results of this paper and conclude by discussing planar functions and the relevance of the results of this paper to them.
Relevant Results
The following lemma on greatest common divisors will prove a useful tool.
Lemma 2.1 ([2, Lemma 2.6]). Let d = (α, e) and p be odd. Then
The next result will play an important part in the structure and results of this article.
is solvable for x ∈ F * q if and only if e/d is even with e = 2m and
In such cases there are p 2d − 1 non-zero solutions.
We note that [2, Theorem 4.1] claims this result for e even only. However, the proof given in [2] does not rely on this assumption and in fact proves the more general result given above. We make the following observations in regards to Lemma 2.2. Let f (X) = a p α X p 2α + aX. The polynomial f belongs to the well known class of polynomials called linearised (or affine) polynomials. These polynomials have been extensively studied, see [6] for some of their properties. In particular, a linearised polynomial is a permutation polynomial of F q if and only if x = 0 is its only root in F q , see [6, Theorem 7 .9]. Lemma 2.2 thus tells us that f is a permutation polynomial of F q with q = p e if and only if e/d is odd or e/d is even with e = 2m and
. To end this section we recall the main results on S α (a, b) obtained in [2] . 
Theorem 2.4 ([2, Theorem 2])
. Let e/d be even with e = 2m. Then
It should be clear by referring to Lemma 2.2 that the cases given in Theorems 2.3 and 2.4 differentiate between when the polynomial a p α X p 2α + aX is a permutation polynomial and when it is not.
Evaluating
Throughout this section we assume that the polynomial a p α X p 2α + aX is a permutation polynomial of F q . Lemma 2.2 implies that either e/d is odd or that e/d is even with e = 2m and a
Theorem 3.1. Suppose the polynomial f (X) = a p α X p 2α + aX is a permutation polynomial over F q . Then
) where x 0 is the unique solution to the equation
Proof. We have
The inner sum is zero unless f (x) = −b p α . Since f is assumed to be a permutation polynomial there exists a unique
So the inner sum is zero unless x = x 0 in which case it is q. Finally, we have
The result follows. 
Proof. Let j be an integer and raise both sides of the equation
This gives the equations
Now multiplying both sides by
yields the equations
If we now add these equations with 0 ≤ j ≤ e/d − 1 we obtain
Since e/d is odd
Thus the right hand side of (2) simplifies to 2x 0 and so
We claim this determines the unique solution
Determining x 0 with e/d even appears to be a more difficult task. By using a similar method to the proof just given, but summing over j for 0 ≤ j ≤ m/d − 1, we can arrive at a similar point in the proof. We will find the right hand side of (1) equal to
. However, it is unclear whether this method then leads to a solution as it is not certain that a
We now assume that the polynomial f (X) = a p α X p 2α + aX is not a permutation polynomial. It is immediate from this assumption that there exists solutions x ∈ F * q satisfying f (x) = 0. That is, there are x ∈ F q satisfying x p 2α −1 = −a 1−p α . The method of evaluation, although slightly more involved, is similar to that used in the previous section.
Theorem 4.1. Suppose the polynomial f (X) = a p α X p 2α + aX is not a permutation polynomial over F q . Then S α (a, b) = 0 unless the equation
is solvable. If this is solvable then
where x 0 is any solution to (3) and c ∈ F * q satisfies f (c) = 0. Proof. As in the proof of Theorem 3.1 we have
The inner sum is zero (and so too is S α (a, b)) unless f (x) = −b p α has a solution. Suppose that this equation is solvable. Dividing through by a p α we have
Having calculated the value of the partial sum we are now able to prove Theorem 2 by joint application of Theorem 2.4 and Corollary 4.3 with Theorem 4.1.
We note that, for the case α = 1, Theorem 2 differs from that given by Carlitz in [1] by a factor of −p. There Carlitz claims (top of page 329) that since ac p+1 is non-zero then
However, this is true if and only if T r(ac p+1 ) = 0, see Lemma 4.2. As was shown in the proof of Corollary 4.3, we actually have T r(ac p+1 ) = 0. On page 337 of his paper Carlitz makes a similar claim depending on whether ax p+1 0 + bx 0 is or is not zero. This too should be examining T r(ax p+1 0 + bx 0 ) rather than ax p+1 0 + bx 0 . In either of those cases an error of a −p multiple results.
Concluding remarks
As χ 1 (x p ) = χ 1 (x) the results of this article can be extended to include all Weil sums with the polynomial of the form aX linearised polynomial L will not alter the absolute value of the exponential sums involved.
